Abstract. The Keen model is a mathematical model that describes the dynamic evolution of wages, employment, and debt based on the known Minsky's Financial Instability Hypothesis. It consists of three first order nonlinear ordinary differential equations. There exists an equilibrium state that corresponds to a collapse of both wage and employment but certain debts remain. In this paper, we construct an example in which this equilibrium appears to be stable. More interestingly, the debt becomes negative, which indicates some source of income without laboring.
1. Introduction 1.1. Goodwin model. Harrod-Domar model and Phillips curve are basic models in Macroeconomics textbooks. While the Harrod-Domar was a popular way that economists thought about economic growth, the Phillips curve is a way to look at the dynamics of wages. Goodwin model [3] is a classical model that combines ideas from Harrod-Domar growth model with Phillips curve to describe the dynamics between employment rate and wage share. In the paper of Grasselli and Lima [4] , extensions of the Goodwin model are studied. In this paper, we adopt notations and formulations from [4] . More precisely, ν is capito-output ratio, α is productivity rate, β is labor force growth rate, δ is depreciation rate, w(t) is wage, K(t) is capital, L(t) is number of employed workers, a(t) = a 0 e αt is labor productivity, N(t) = N 0 e βt is total labor force,
is employment rate,
is wage share.
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According to [4] , we assume that the total output (GDP) per year is given by the Leonteif production function
and the capital is fully utilized. We then have
We also assume thatẇ = Φ(λ)w andK = (Y − wL) − δK = (1 − ω)Y − δK, where Φ(λ) is the Phillips curve with dΦ/dλ > 0.
Under the linearized Phillips curve assumption
where φ 0 and φ 1 are positive constants, the following system of first order nonlinear differential equations is then derived in [4] 
This is the well-known Lotka-Volterra equation which has been studied extensively in economic literature in particular and in mathematical literature in general. There are numerous extensions of the model since it was first introduced by Goodwin in [3] [4] . Let r be the real interest rate, D be the debt, and d = D/Y be the debt ratio. The investments are captured in the nonlinear increasing function κ(π), where π = 1 − ω − rd is the net profit. Here, the assumptions on κ are as in [4] :
We also require
Integrating these assumptions into the Goodwin model leads to the following system of first order nonlinear differential equation:
where
Our analysis is taken in the framework of the Keen model.
Analysis

Equilibria.
As it is shown in [4] , there are four equilibria for the system. The first one is
where d 0 is a solution of the equation
The second equilibrium is
The third equilibrium is
, and d 1 is the same as in (8). Finally, in case of explosive debt, we have the forth equilibrium (10) (0, 0, +∞).
Equilibrium (9) is structurely unstable. The stability of (8) and (10) depend on the parameters and are studied in detail in [4] .
In this paper, we focus on the equilibrium (6).
Negative debts.
To study the stability of equilibrium (7), we linearize the system (3)-(5) about (0, 0, d 0 ). The corresponding Jacobian matrix is
This matrix has three eigenvalues
Note that, by assumption (2), the first eigenvalue is strictly negative. Proof. To prove this statement, we find sufficient conditions for the eigenvalues (13) and (14) to be negative. The following conditions must hold
We furthermore assume that the following holds
The goal is to find the conditions for c and d 0 and construct a function κ(x) that satisfies (15a)-(15c). The equation (15c) implies that
We substitute (17) into (15a) to find that
We can now pick any d 0 ∈ (−∞;
). Once we have picked d 0 , we can determine κ(π 0 ).
The inequality (15b) is equivalent to
Next, we choose c such that c < ν(r +δ). The assumption on c leads to
We also require that κ 2 > 0. After picking κ 2 ∈ (max{0,
}, +∞), one can compute κ 1 to be
κ 2 x with c, κ 1 and κ 2 chosen as described above satisfies (15a)-(15c). We have successfully constructed the function κ(x) such that all of the eigenvalues of the Jacobian (11) are negative and therefore the equilibrium (0, 0, d 0 ) is stable.
Furthermore, by (18), d 0 < 0 as desired.
Here we construct an example of the function κ(x) using the method we described. Take the Philips curve to be as in [4] : So, (0, 0, −9.2100) is a stable equilbirum.
In general, one cannot predict the behavior of the system in the neighborhood of the equilibrium (0, 0, d 0 ) unless additional information is avalable. In the literature, it is assumeed that in most cases the two eigenvalues (13) and (14) have opposite signs. However, it seems likely that there exist regions in the parameter space where the eigenvalues are of the same sign, possibly both negative. In any case, it is clear that more investigation of this matter is needed. A possible starting point is to describe the regimes where the two eigenvalues (13) and (14) are both equal to zero. Proposition 2. Given κ(x) = c + κ 1 e κ 2 x , a necessary condition for (13) and (14) to be both 0 is that
Proof. The proof of this condition is a straight forward algebraic calculation. We require that
We substitute (27a) into (27c) and obtain
For clarity, let A = ν(r + δ) and B = ν(α + β + δ). We then have
This is equivalent to
We require (31) to have real roots. This means that
which is equivalent to
If 1 − A ≤ 0, then this is always true. If 1 − A ≥ 0 then we will have
This completes the proof.
Discussions
The equilibrium (0, 0, d 0 ) with d 0 < 0 represents the economic state when there is no wage, no employment, but the debt is negative. In the liturature, due to its likelihood of being unstable, this equilibrium is believed to be economically meaningless. However, the authors can think of a situation when this is not at all meaningless: supose there is a break down in the economy due to war. There is no production. Yet, in the country, there is still a lot of products that are consumable. In order to have food, person A, who does not have money, has to borrow money from the government, who has the power of printing money and issuing credits. This continues for a long time for everyone. Over time, negative debts accumulate for the government. In this situation, the economy is still somewhat functional, as long as the consumable proucts do not run out.
Furthermore, while the equilibrium studied in this paper may not be of any interest by itself, a good understanding of the equilibirum will lead to a better understading of the dynamics of the model as a whole. A series of vital questions then arise: 1) When would this equilibrium turn from stable to unstable? 2) Is stability the necessary condition when one has negative debt in the economy? 3) Is there a limit cycle that arises around the equilibirum when it changes from stable to unstable? If yes, is the limit cycle stable or unstable?
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